The present work investigates the unsteady, imcompressible flow of a micropolar fluid between two orthogonally moving porous coaxial disks. The lower and upper disks are rotating with the same angular speed Ω in counter directions. The flows are driven by the contraction and the rotation of the disks. An extension of the Von Kármán type similarity transformation is proposed and is applied to reduce the governing partial differential equations (PDEs) to a set of non-linear coupled ordinary differential equations (ODEs) in dimensionless form. These differential equations with appropriate boundary conditions are responsible for the flow behavior between large but finite coaxial rotating disks. The analytical solutions are obtained by employing the homotopy analysis method. The effects of some various physical parameters like the expansion ratio, the rotational Reynolds number, the permeability Reynolds number, and micropolar parameters on the velocity fields are observed in graphs and discussed in detail.
Introduction
Incompressible fluids over rotating bodies have many industrial and engineering applications and have been studied in many industrial, geothermal, geophysical, technological, and engineering fields. Originally Von Kármán [1] discussed the steady flow of Newtonian fluid over a rotating disk, and introduced an elegant transformation that enabled the Navier-Stokes equations for an isothermal, impermeable rotating disk to be reduced to a system of coupled ordinary differential equations. Furthermore, he obtained an approximate solution using a momentum integral method. Subsequently, Cochran [2] calculated more accurate values by numerical integration, and his solution shows that the rotating disk works like a centrifugal fan. Bodewadt [3] also extended Von Kármán's work, and considered the flow over a stationary disk. Brady and Durlofsky [4] studied critically the relationship between axisymmetric flow and the Von Kármán similarity flows between large but finite coaxial rotating disks. Stewartson [5] and Greenspan [6] have also analyzed flows between two rotat-ing disks. Shevchuk [7] and Awad [8] explored the permeable wall conditions on a rotating disk and examined the analogous heat transfer problem for steady and unsteady flow cases. Hossain et al. [9] and Maleque and Sattar [10] also investigated the influence of variable properties on the physical quantities of the single rotating disk problem by obtaining a self-similar solution of the Navier-Stokes equations along with the energy equation. In these studies, the fluid is considered to be a Newtonian fluid. Many fluids in technical processes exhibit non-Newtonian behavior, therefore we extended the study to a variety of non-Newtonian fluids, for example micropolar fluids or power law fluids. The theory of micropolar fluids was proposed by Eringen [11] to describe the non-Newtonian fluids that contain rotating micro-constituents such as polymers, colloidal suspensions, animal blood, liquid crystals, etc. Physically, these fluids may represent fluids consisting of rigid randomly oriented particles suspended in a viscous medium undergoing both translational and rotational motion. These fluids can support stress moments and body couples and are influenced by the spin inertia. Guram and Anwar [12] solved the problem of the steady incompressible flow of a micropolar fluid between a rotating and a stationary disk numerically. They also investigated the steady flow of a micropolar fluid due to a rotating disk [13] . Anwar Kamal et al. [14] made a comparison of the results of micropolar and Newtonian fluids and considered the numerical simulation of symmetric flow of a micropolar fluid between two porous coaxial disks. Muhammad Ashraf et al. [15] investigated the influence of the Reynolds number and micropolar structure on the flow between two disks using SOR method. Chaturani and Narasimman [16] discussed the multiple solutions of a steady micropolar fluid flow between two rotating coaxial disks. The special boundary conditions of the expanding or contracting wall may have been first proposed by Uchida and Aoki [17] in order to learn the transport of biological fluids through contracting or expanding vessels, the synchronous pulsation of porous diaphragms, and the air circulation in the respiratory system. However, they considered that the wall of the pipe was impermeable. Later, Dauenhauer and Majdalani [18] extended their analysis to an expanding or contracting porous channel and obtained the numerical solutions for different Reynolds number and expansion ratio. Asghar et al. [19] , Dinarvand and Rashidi [20] , and Xu et al. [21] also discussed the same model using the adomian decomposition method (AMD) or the homotopy analysis method (HAM). Furthermore, Xu et al. [21] captured two new profiles that are complementary to the solutions explored by Dauenhauer and Majdalani [18] . Recently, using a suitable similarity transformation, Nazir and Mahnood [22] studied numerically the flow and heat transfer of a viscous Newtonian fluid between two contracting rotating disks by using a finite difference method. Their scheme implements the three-stage Lobatto IIIa formula and a collocation formula, the collocation polynomial provides a C1-continuous solution that is fourth order accurate uniformly in [0 1]. The mesh size and error control they chose are based on the residual of the continuous solution. Based on Nazir and Mahnood's work, Si et al. [23] studied the flow between two vertical moving porous disks with different permeability and discussed the influence of the asymmetric permeability, expansion ratio and other physical parameters on the velocity and heat transfer by the homotopy analysis method (HAM). In summary, all of above works take into account the one or two disks for the micropolar fluid without considering the orthogonal movement of the disks, or the Newtonian fluid between two contracting disks. Then the objective of this analysis is to see the effects of the expansion ratio, the permeability Reynolds number,the rotational Reynolds number on the flow of micropolar fluid between the rotating porous disks. A recently powerful technique developed by Liao [24, 25] named the homotopy analysis method (HAM), which has been used successfully to solve a lot of nonlinear problems [26] [27] [28] [29] [30] , is adopted to solve this problem. Using the HAM, the influence of some physical parameters on the velocity fields and the microrotation components in θ directions are taken into consideration.
Formulation of the problem
We consider the motion of the incompressible flow of a micropolar fluid between two orthogonally moving porous disks and assume that the flow is fully developed. The distance between the disks is 2 ( ), which is much smaller than the radius of the disk. The upper and lower disks have the same permeability and move orthogonally at a uniform time-dependent rate˙ ( ). As shown in Fig. 1 , a cylindrical coordinate system may be chosen with the origin at the middle of the disks. The velocity components are taken to be in the θ directions and 1 2 3 are the corresponding microrotation components, respectively. Under these assumptions, the governing equations are given by the following relations, respectively [12] [13] [14] : 
where ρ, ν are the density and kinematic viscosity, and γ κ are the microinertial per unit mass, spin gradient viscosity, and vortex viscosity, respectively. β, γ are the material constants (viscosity coefficients) [12] . Here γ is assumed to be [31] 
in which µ is the dynamic viscosity and we take = 2 as the reference length.
The boundary conditions are [18, 22, 32] 
where A = /˙ is the measure of wall permeability [18] . Ω is the angular velocity of the disk.
By considering a Von Kármán type similarity transformation [1] , and motivated by the definition of the stream function [22, 23] , in this paper we define
Substituting 1 2 3 into Eqs. (1)- (6), one obtains the following nonlinear partial differential equations.
(
where α = ˙ ν is the wall expansion ratio with a negative value showing that the two disks are approaching each other, and K = 
where R = ν is the permeability Reynolds number and is positive for injection. R * = 2 Ω ν is the rotational Reynolds number [4] . The dimensions of some parameters involved are as follows [12] :
A similar solution with respect to both space and time can be developed following the transformation described by Uchida and Aoki [17] , Dauenhauer and Majdalani [18] , respectively. We assume that
where 0 and˙ 0 denote the initial height and the initial expansion velocity of the disk, respectively. As a result, the rate of the expansion decreases as the distance in- 
Since
= A˙ and A = constant [17, 18] , the expression for the injection velocity also can be determined.
HAM solutions for velocity
Here we choose the initial guesses 
The auxiliary linear operators are
which satisfy
where C = 1 12 are constants. Upon making use of above definitions, we construct the zero-order deformation problems
0 (−1 ) = 0 ˆ 0 (1 ) = 0 (30)
1 (−1 ) = 0 ˆ 1 (1 ) = 0 (32)
where ∈ [0 1] is an embedding parameter and is the auxiliary non-zero parameter. As increases from 0 to 1,ˆ (η ) ˆ (η ) ˆ 0 (η ) ˆ 1 (η ) ˆ 2 (η ) vary from 0 (η) 0 (η) 00 (η) 10 (η) 20 (η) to (η) (η) 0 (η) 1 (η) 2 (η), respectively. Using Taylor's theorem, we can writê
The convergence of the five series is strongly dependent upon . Assume that is chosen so that the series (40)- 
Differentiating Eqs. (25), (27) , (29), (31) , and (33) times with respect to , then setting = 0, and finally dividing them by !, we obtain the following th-order deformation problems:
(−1) = 0 (−1) = 0 (1) = 0 (1) = 0 (51)
1 (−1) = 0 1 (1) = 0 (60)
where
The general solutions of Eqs. (50) (53) (56) (59 (62) are
1 (η) and * 2 (η) denote the special solutions of Eqs. (50) (53) (56) (59) (62) and the integral constants C ( = 1 − 12) are determined by the boundary conditions (51) (54) (57) (60) (63), respectively. In this way it is easy to solve the linear non-homogeneous equations (50) (53) (56) (59) (62) by using Maple one after the other in the order = 1 2 3 .
Results and discussions
As pointed out by Liao [24] [25], the convergence of the series (45)- (49) depends upon and the values of determine the convergence region and the rate of approximation for HAM. For this purpose the -curves are plotted in Fig. 2 for different approximations. Once the proper value of is chosen, we can get convergent HAM series solutions. In theory, one also can define the exact square residual error for the th-order approximation to prove the effectiveness of an −curve and to choose the best optimal value of parameter [33] , which is shown in Fig. 3 and Table 1 .
As 1 = 2 = 3 = 0, this is the model described by Nazir and Mahmood [22] about Newtonian fluids with expanding disks. In this paper, we compare the results obtained by HAM with the numerical solutions in Ref. [22] . (Here we use Bvp4c to obtain the numerical solutions. The initial values are given by Ref. [22] , i.e. ( )= (1,  0, 0, 0, 1, 1) ). Fig. 4 and Table 2 show the effect of the Reynolds number on the axial and azimuthal velocities for the case of exact counter-rotation and absence of contraction and permeability (i.e. α = 0 R = 0), they agree better. First, we present the effects of the rotational Reynolds number R * on the flow where the permeability Reynolds number R is positive in Figs. 5, 6 and 7. Here the permeability Reynolds number R is smaller compared with R * , we can observed that the profiles of radical velocities (η) are symmetric about the middle of two disks in Fig. 5 and the azimuthal velocities are antisymmetric, which most resemble the case with no permeability on the disks [22, 23] . An important conclusion can be then drawn that sufficiently large rotation Reynolds number, compared with injection Reynolds number, can dominate over the velocity fields and there are three extreme points across the disks. As there is injection on the two disks, the local minimum values appear near the disks and the local maximum value lies at η = 0. (η) changes its concavity at the center of the two disks. We also can observe that the microrotation velocities agree better. All of the above figures center on analysis for large rotational Reynolds number compared with permeability Reynolds number. In the following discussion, we can find that the permeability is dominant in velocity fields with increasing permeability Reynolds number R . The radial velocity behaves like the case of the flow through expanding porous channel [18] , which can be observed in the following Figures. In Figs. 8, 9 , and 10 the effects of the expansion ratio α on the velocities are illustrated while other physical parameters are fixed. The profiles of (η) (η) 1 (η) 2 (η) are antisymmetric, and those of (η) 0 (η) are symmetrical. The maximum value of (η) is an increasing function of the expansion ratio α. The microrotation velocity 0 (η) is a decreasing function of the expansion ratio α and the minimum value also lies at η = 0. (η) and 2 (η) also show Figs. 11, 12, and 13 present the profiles of the effects of the permeability Reynolds number R . Because the injection velocity is generated at the disks, the values of (η) change from −R /2 at the lower disk to R /2 at the upper wall according to the boundary conditions and the zero points are at η = 0. The profiles of radial velocity (η) are symmetric for equal permeability of the two disks and the maximum values of the radial velocity decrease with the increasing permeability Reynolds number R . The microrotation velocities 1 (η) 2 (η) are both zero at the center of the two disks because the directions of the velocity are contrary at that position. With increasing R , the maximum of 0 (η) is decreasing with R . The influences of the Reynolds number R on (η) and 2 (η) are similar.
Figure 17. Characteristics of
Figs. 14, 15, and 16 illustrate the effects of parameter the K on the velocities and micropolar velocities. The maximum values of (η) still are at η = 0 because the disks have equal permeability , and increase with the parameter K . The influence of K on 1 (η) is obvious. We also can observe that K almost has no influences on 2 (η) and (η). Fig. 17 presents the effects of ω on the velocities. Because the parameter ω only belongs to the equation (16) , which is an equation relevant to the function 2 (η), we only discuss the effect of ω on 2 (η). The influence of the parameter ω on 2 is obvious. The value at the center is zero and 2 (η) also changes its concavity at η = 0.
Conclusion
The developmental characteristics of micropolar flow between vertical moving rotating disks have been studied. The influences of the permeation Reynolds number R , expansion ratio α, rotational Reynolds number R *
, and the parameters ω K on the flow are discussed in detail. Some important conclusions can be drawn: (i) When the rotation Reynolds number is large enough compared with the permeability Reynolds number, inverse flow happens near the walls of two disks. With increasing permeation Reynolds number, the inverse flow disappears gradually; (ii) The effects of the expansion ratio on the velocities are similar to the case of the flow through an expanding porous channel; (iii) The micropolar velocities 1 (η) 2 (η) are zeroes at η = 0 because the directions of the velocities are contrary; (iv) The micropolar parameter K almost has no influence on the micropolar velocity 2 (η) and ω only affects the micropolar velocity 2 (η).
